It is clear from different observational data (Riess et al. [1] ; Perlmutter et al. [2] ) that the expansion of the universe is accelerating. The reason behind this observed acceleration is unknown, and is usually referred to as "dark energy problem". To address this problem, two different approaches have been advocated: one is to construct different dark energy candidates and the other is the modification of Einstein's theory of gravitation. Among various modified theories of gravitation, f (R) theory of gravity is significant in which a general function of the Ricci scalar, f (R), replaces R in the standard Einstein-Hilbert Lagrangian.
This provides an easy unification of early time inflation and late time acceleration [3] . The theory also gives a natural gravitational alternative to dark energy. Nojiri and Odintsov [4] and Capozziello and Laurentis [5] have studied many aspects on f (R) gravity.
Friedmann-Robertson-Walker (FRW) models, being spatially homogeneous and isotropic in nature, are best for the representation of the large scale structure of the present universe.
However, it is believed that the early universe may not have been exactly uniform. It is also found that some large-angle anomalies [6] appear in cosmic microwave background (CMB) radiations which violate the statistical isotropy of the universe. Bianchi type models, which are homogeneous but not necessarily isotropic seem to be the most promising explanation of these anomalies. Jaffe et al. [7] explored that removing a Bianchi component from the Wilkinson Microwave Anisotropy Probe (WMAP) data can account for several large-angle anomalies leaving the universe to be isotropic. Thus, the models with anisotropic background are the most suitable to describe the early stages of the universe. Bianchi type models are among the simplest models with anisotropic background. Recently, Bianchi type dark energy cosmological models in various theories of gravitation have been widely discussed in literature [8] - [14] .
Shamir [15] studied exact vacuum solutions of Bianchi type I, III and Kantowski-Sachs space-times in the metric version of f (R) gravity. Shamir [16] explored plane symmetric vacuum solutions of Bianchi type-III cosmology in f (R) gravity. Sharif and Shamir [17] discussed non-vacuum Bianchi types-I and V in f (R) gravity. Sharif and Kausar [18] obtained anisotropic fluid and Bianchi type III model in f (R) gravity. Yilmaz et al. [19] studied quark and strange quark matter in f (R) gravity for Bianchi type I and V spacetimes. Sharif and Arif [20] explored non-vacuum static cylindrically symmetric solution and energy distribution in f (R) gravity. Sheykhi [21] studied magnetic strings in f (R) gravity.
Katore [22] discussed Bianchi type-II, V III and IX string cosmological models in f (R) gravity.
Sting cosmological model are important during structure formation in the early stages of evolution of the universe. Spontaneous symmetry breaking through the phase transition in the early universe result in a random network of stable line like topological defects familiar as cosmic strings. It is generally known that massive strings serve as starting point for the large structures like cluster of galaxies in the universe. So these string models have gained considerable attention of research workers. Stachel [23] , Letelier [24] , Vilenkin et al.
[25], Banerjee et al. [26] , Reddy [27] , Rao et al. [28] - [29] , Tripathy et al. [30] are some of the authors who have investigated several important aspects of string cosmological models in various theories of gravitation. Recently, Rao and Paparao [31] studied Bianchi type-V string cosmological models in f (R, T ) gravity. Goswami et al. [32] explored anisotropic string cosmological models in Heckmann-Schucking space-time. Sahoo et al. [33] discussed Bianchi type string cosmological models in f (R, T ) gravity.
During the neutrinos coupling in the early stages of universe, the matter behaved as a viscosity on the evolution of the universe and the strong dissipation, due to the neutrino viscosity, may considerably reduce the anisotropy of the black body radiation have been discussed by Misner [34] - [35] . Barrow [36] , Padmanabhan and Chitre [37] , Pavon et al.
[38], Lima et al. [39] and Martens [40] are some of the authors have studied the possibility of bulk viscosity leading to inflationary-like solution in general relativistic FRW models.
The effective total negative pressure which leads to a repulsive gravity in bulk viscosity overcomes the attractive gravity of the matter and gives an impulsion for rapid expansion of the universe. Many authors like Bali and Pradhan [41] , Tripathy et al. [42] , Singh and Kale [43] , Rao and Sireesha [44] and Shri Ram et al. [45] have explored cosmological models with bulk viscosity in different theories of gravitation. Rao et al. [46] - [47] studied FRW bulk viscous cosmological model in some scalar-tensor theories of gravitation.
Tripathy et al. [30] studied string cloud cosmologies for Bianchi type-III models with electromagnetic field. Adhav et al. [48] discussed Bianchi type-III string cosmological models in general theory of relativity. Rao et al. [49] obtained anisotropic universe with cosmic strings and bulk viscosity in a scalartensor theory of gravitation. Sagar et al. [50] have explored Bianchi type-III bulk viscous cosmic string models in Brans-Dicke theory of gravitation.
Motivated by above investigations, in this paper, we focus our attention on the Bianchi type III bulk viscous string model in metric f (R) theory of gravity. The plan of the paper is follows: In sect. 2, we derive f (R) field equations for Bianchi type-III metric in the presence of bulk viscous fluid with one dimensional string. In sect. 3.2, bulk viscous string models are obtained by using Berman's law [51] for Hubble's parameter. Sect. 3.3 devoted to bulk viscous model (absence of string) in f (R) gravity. Some physical parameters are also evaluated for our models. In the last section, we summarize the results.
Metric and field equations
We consider the spatially homogeneous and anisotropic Bianchi type-III space-time as
where X, Y and Z are functions of cosmic time t only and b is a positive constant. The field equations of f (R) gravity are obtained from the action
where f (R) is a general function of the Ricci scalar and L m is the matter Lagrangian.
Variation of action (2) with respect to metric gives the following field equations
where F (R) = df dR and = i i , i is the covariant derivative. Contracting the field equations (3), we get
Using above equation in equation (3), the field equations take the form
Equation (4) is an important relationship between f (R) and F (R) which will be used to simplify the field equations and to evaluate f (R).
The energy-momentum tensor for a bulk viscous fluid containing one-dimensional cosmic strings is given by
where p = ω 0 ρ (0 ≤ ω 0 ≤ 1). Here p is the total pressure which includes the proper pressure p, λ is the string tension density, ρ is the rest energy density of the system, ξ(t) is the coefficient of bulk viscosity, 3ξH is generally known as bulk viscous pressure, H is the Hubble parameter of the model and ω = ω 0 − ζ (where ω 0 and ζ are constants). We consider ρ, p and λ as functions of time t only.
Also, u i is the four velocity vector, x i is a space-like vector which represents the anisotropic directions of the string and they satisfies
We assume the string to be lying along the z-axis. The one dimensional strings are assumed to be loaded with particle and energy density is ρ p = ρ − λ. Using comoving coordinates, field equations (5) for metric (1) yield the following equa-
where overhead dot stands for ordinary differentiation with respect to t.
Solutions of the field equations
Integrating equation (13) we obtain
where k is an integration constant, which can be chosen as unity without loss of any generality, so that we get
Now, using equation (15), the field equations (9)- (13) reduce to the following independent equations: We define the following parameters for the Bianchi type-III model:
Spatial volume and average scale factor of the model
Anisotropic parameter A h is given by
where Expansion scalar and shear scalar are defined as
Deceleration parameter is given by
Bulk viscous string model (λ = 0)
In this case set of equations (16)- (18) forms a system of three independent equations with six unknowns X, Z, F (R), p, ρ and λ. Hence to find a determinate solution of these highly non-linear differential equations we use the following physically viable conditions:
(i) The shear scalar σ is proportional to scalar expansion θ, which leads to a relationship between the metric potentials, so that we can take [52]
where n = 0 is a constant and preserves the anisotropic character of the space-time.
(ii) f(R) theory of gravity has been shown equivalent to scalar-tensor theory of gravity that is incompatible with solar system tests of general relativity, as long as the scalar field propagates over solar system scales [53] . The power-law relation between scalar field and average scale factor has already been used by Johri and Sudharsan [54] in the context of FRW models with bulk viscosity in BransDicke theory. However, Uddin et al.
[55] have established a result in the context of f(R) theory of gravity which shows that 25) where m is an arbitrary constant. Thus using power-law relation between F and a, we have
where F 0 is proportionality constant.
(iii) The Hubble parameter H proposed by Berman [51] defined as (27) where β > 0, α ≥ 0 are constants and a(t) is average scale factor. This relation gives a constant value of deceleration parameter.
By solving equation (27), we obtain
Thus the above two values of average scale factor corresponding to two different models of the universe.
Model with power law expansion (α = 0)
From equations (15), (24) and (28), we get the metric coefficients for power law expansion model of the universe as
From equations (24) and (28), the function F (R) becomes (16)- (18), we get the string energy density and tension density
The coefficient of bulk viscosity is given by
We obtain the total pressure as
. (35) The scalar curvature and f (R) function are found to be
Now metric (1) can be written as
Thus, metric (38) together with (32)- (37) The following properties are important in discussion of cosmology of obtained anisotropic bulk viscous string model:
Spatial volume of the model
Directional Hubble's parameters are
Hubble's parameter is
Expansion scalar and shear scalar are given by
Anisotropic parameter A h and deceleration parameter are given by
Model with exponential expansion (α = 0)
In this case, we get the average scale factor as
and from equations (15), (24) and (26), the scale factors and the function F (R) as
From equations (16)- (18), we get the string energy density and tension density
The scalar curvature R and f (R) function are found to be
Thus, metric (38) together with (47)- (52) 
Properties of the model:
Spatial volume of the model 
Shear scalar, mean anisotropic parameter and deceleration parameter are respectively given by
Bulk viscous model (λ = 0)
In this case the field equations (16)- (18) reduce to
Now equations (61) and (62) are two independent equations in five unknowns A, B, p, f (R) and ρ. Hence to find a determinate solution we use the physically possible conditions (i) and
(ii) given in section 3.1.
From equations (61), (24) and (26), we obtain the metric potentials as
where c 1 =
and c 2 is an integration constant.
From equations (26) and (63), the function F (R) becomes
The metric (1) can now be written as (62)- (64), we get the energy density in the model as
The scalar curvature R and f (R) function are found to be R = 2c
If ω = ω 0 , then the coefficient of bulk viscosity ξ = 0 (given in equation (67) Spatial volume and average scale factor of the model are
Directional Hubble's parameters are 
Summary and Conclusions
Here we have presented Bianchi type-III bulk viscous string cosmological models in metric f (R) theory of gravity. We have obtained cosmological models corresponding to bulk viscous fluid and bulk viscous cosmic strings using some physically viable conditions. Power-law model (38) of the universe has a point type singularity at t * = , the Hubble's parameters, the scalar expansion, the shear scalar, f (R) function, the isotropic pressure, energy density and the bulk viscosity assume infinitely large values for m < 6n 2n+1 , whereas they all vanish as t → ∞. The model accelerates when q < 0, and if q > 0, it decelerates in the standard way. For n < 1, the deceleration parameter q < 0, thus our model accelerates which is in accordance with the present day scenario of accelerating universe.
Also, since the bulk viscosity ξ decreases with time we get, ultimately, inflationary model. However, the average anisotropic parameter A h remains constant throughout the evolution of the universe and it becomes zero when n = 1. Also the model free from initial singularity which supports the Murphy [56] result stated that the introduction of bulk viscosity avoids an initial singularity. 
